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Abstract

In the present work, a fundamental solution for transient 3D dynamic piezoelectricity is derived. The theoretical
basics are reviewed with special attention to the case of transversely isotropic piezoelectric materials of the crystal
class 6 mm. Numerical results concerning both convex and non-convex slowness surfaces are presented, where
different singularities, present only in anisotropic materials, are analysed. © 1999 Elsevier Science Ltd. All rights
reserved.
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1. Introduction

Piezoelectric materials (PEM) have been used in many engineering fields and applications. Perhaps,
the most widely spread traditional application of piezoelectric continua is the generation of ultrasonic
waves. In the last few years, PEM have also been increasingly applied in the active vibration control of
so-called ‘smart structures’.

As a consequence of such applications with resulting complex devices, resort must be made to
numerical methods. The Boundary Element Method (BEM) has a successful history as a numerical tool
to treat dynamic problems as well as local problems such as defects or concentrated loads.

Due to BEM’s special qualities, several authors have dedicated their attention to the derivation of
fundamental solutions (the basis of BEM) for the case of piezoelectricity. Notwithstanding, such
solutions are mathematically difficult to model as PEM have two qualities: anisotropy and electro-
mechanical coupling.

Within the framework of time dependent 3D fundamental solutions for PEM there are basically two
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works published in the recent years: the formulation presented in Norris (1994) and the one from
Khutoryansky and Sosa (1995a, b). The paper from Norris contains a valuable review on the subject of
fundamental solutions for anisotropic solids.

The approach from Khutoryansky and Sosa is based on the representation of the solution over the
unit sphere. Moreover, their results went further as the solution was reduced to alternative integrals over
a surface (slowness surface) and line integrals.

The idea of representing the fundamental solution over such a surface for the case of aelotropic
elastodynamics goes back to Burridge (1967). Actually, this integral formulation over the slowness
surface is known as the Hergloz—Petrowski formula. The books of John (1955) and Gelfand and Shilov
(1964) give a good description of the ideas that lead to these formulas. By using the slowness surfaces, a
great deal of simplification can be achieved, namely the possibility of a line integral representation
(Duft, 1977).

The Hergloz—Petrowski formulas are, as noted by Payton (1983), specially suitable in analysing the
displacement near the wave front, i.e., the singularities of the fundamental solution. The aforementioned
formulas give an explicit expression for the singular part, with no need of any integration.

Contrary to isotropic materials, anisotropy poses a number of difficulties due to the increasing
number of singularities of different types. Therefore, it is not surprising that available results for general
anisotropy are until now not available. According to Duff (1960) the number of wave fronts in a
particular direction in the most anisotropic medium can be as high as 75. This number is even higher
when piezoelectricity is present since the slowness surface is raised in degree. For the quasi-electrostatic
piezoelectric case, the slowness surface is of degree 8, resulting at most 196 wave fronts (see Salmon,
1927; Duff, 1960).

The results obtained from Burridge and the corresponding generalization for PEM can be
theoretically applied to any degree of anisotropy. The implementation is, however, rather cumbersome
due to the resulting complexity of the slowness surfaces. On the other hand, few exact surfaces can be
found in the literature on particular piezoelectric materials (Dieulesaint and Royer, 1980). For materials
with arbitrary piezoelectricity, numerical calculations are necessary. A computational method for
determining the slowness surfaces can be found in Strashilov and Gentchev (1987).

The aim of this article is to investigate the potentialities of the Hergloz—Petrowski formulas (with use
of a line integral representation) for the case of transversely isotropic piezoelectric materials. The
presented numerical results concern both convex and non-convex slowness surfaces, where non-convex
slowness surfaces imply a number of interesting physical phenomena as cusps and conical points on the
wave surface, resulting in different types of wave front singularities.

2. Mathematical preliminaries

Three-dimensional piezoelectricity is governed by a set of four partial differential equations coupling
the displacement u and the electric potential ¢:

Ciattye jj + ek g; + i = pidi

Cik iUk i — 8ik¢,ki =4 M

where Cy, ejx and ¢&; denote the elastic, piezoelectric and dielectric material constants, respectively. f, p
and ¢ stand for the body force per unit of volume, the mass density and the electric charge. Repeated
indices are dummy indices (1 to 3 for lower case and 1 to 4 for upper case).

A detailed derivation of the fundamental solution outlined here for eqn (1) can be found in
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Khutoryansky and Sosa (1995a, b). At first, an unbounded piezoelectric solid is subjected to two
independent states of an impulsive unitary load applied at the source point &, i.e.,
{ f = 5(1)0(x — e : f=0

2
q=—3(1)d(x — &) @

qg=0

with e; specifying the direction of the applied force. For £ = 0, the loading of eqn (2) yields for eqn (1)
the following differential equation,

L(V, 3,)U(x, 1) = 6(¢)o(x)I 3)
where L(V, 9,) represents the differential operator,

A a

al —q

p8[2 0
0

L(V,9,) = “4)

with Ay = Cjj0/0x;0/0x,, a; = ey;j0/3x,9/0x; and o = &30/9x;0/9x. U stands for the 4 x 4 symmetric
Green’s tensor with the following structure

Uj Ua
Uy Uy

: ®)

U; and Uy are the displacement (in the i-direction) and electric potential, respectively, at the observer
point x due to an impulsive force applied at ¢ in the j direction. While Uy and Uy represent the
displacement (in the i-direction) and electric potential, respectively, for a point charge applied at &.

The plane wave transform is now used, where d(x) and U(x, ¢) are represented in terms of integrals
over the unit sphere [n| =1 as,

V(n, w, t) dQ(n) 5(x)=—$v2j d(w)dQm) w=n-x. (6)
1 T

In|=1

Ux, )= J

In|=

A column of the transformed tensor V(mn, w, f) can be represented as a four-dimensional column vector
[v, ¢]. Substituting eqn (6) into eqn (3) and reducing the resulting coupled system of partial differential
equations in v and ¢ to a differential equation in v, one obtains

1
pV — BV = ———5(1)8" (w)F @)
82

where B(n) = A 4+ (a®a)/o, F(n) = iy, + a/ad4y and iy = [0141, 201, O3] Using Duhamel’s principle
one can rewrite eqn (7) for ¢ > 0 as

pv —Bv" =0 8)
with the initial conditions,

1
8n2p

vin,w,0)=0 v(n,w,0)=— 8" (w)F(n). )

Substituting a trial solution in the form of a plane wave v = Ag(n-x — Af), with polarization A and
phase velocity 4, in eqn (8) results in
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N(n, 2)A =0 (10)

with N(n, 1) = [p4*1 — BI. Eqn (10) shows that the polarization A is an eigenvector of the tensor B(m)
with the eigenvalue y = pA%. As noted by Khutoryansky and Sosa (1995a), the tensor B is bounded,
symmetric and positive definite. Moreover, its three eigenvalues are real positive numbers, upper and
lower bounded with respect to n. A; = /y,/p, A30; = —4; are the real roots of the characteristic equation
(also known as the secular equation) det N(m, ) =0. Furthermore, the three eigenvectors A"
corresponding to the eigenvalues y; form an orthonormal set

3
i=1
since the tensor B(n) is symmetric.
A solution of eqn (8) with the initial conditions (9) can be derived by making use of the first term in
eqn (6) and assuming some results present in Khutoryansky and Sosa (1995a) like

H(t) 0

Uine(x, 1) = 412 01

L . Zé(y) res {A72N; (. 4) | F(n) dQm) (11)

_ H(1) 9 _ a;(n) (1)0am
Usy(x, 1) = _Wale 125(y)res{ AN, A)} Fa(n) dQ(n)—W (12)

where y =t —x-n//; and &) are the cofactors of the dielectric tensor ¢;. It is also important to note
that the above summation is valid over distinct roots 4; only (non-repeated eigenvalues). The three real
positive roots, that are present in eqns (11) and (12), represent the velocities of three plane waves
propagating in the same direction with different velocities. The polarizations of the three plane waves
are always mutually orthogonal since B is symmetric. The displacement vector v is generally not parallel
or perpendicular to n. Therefore, there are in most of the cases two quasi-transverse (¢7') waves and one
quasi-longitudinal (¢L) wave (which is the fastest one). Making use of

3
; res HZNi}l(n, D]A:).,: 1/p

and some symmetries (which allow to write the results in terms of the positive ;) one obtains for eqn
(11) a similar expression to that of Burridge (1967),
H(1) < A(’)(n)®A’)(n)
— m ' (Ai(m)t — n - x)F(n) dQ(n) (13)
|n|=1 i

where 6'(A;(n)t —n-x) = /; 285()/)/8t for A; > 0. The factor A(’ = (’)A(’) (see Every and Kim, 1994), to
be seen as the weighting for each plane wave contributing to U,,(x t) depends on the projection of the
polarization vector of that wave on the sensing and forcing directions.

The fundamental solution presented in eqns (11) and (12) can be transduced into an alternative form,
which is computationally more attractive. Using the concept of the slowness surfaces, the 2D integrals
can be reduced to a simple line integral.

The slowness surface for a certain material is determined by a vector s = n/A,(n), which has the same
direction of the normal vector n but the inverse magnitude of the phase velocity 4 of a plane wave
moving in the n-direction. A representation of this surface can be achieved by using the secular equation
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and noting that det N(n, 1) = A° det N(s, 1); one can express the surface as
Q(s) = detN(s, 1) = 0. (14)

For anisotropic materials, this surface is composed of three distinct sheets (see Fig. 2) whereas for
isotropic materials two sheets coincide. In order to write the fundamental solution in terms of the
slowness surface, the following coordinate system transformation is used

_ Is- VQ|
Is|*|VQ|

dQ(n) dS(s) (15)

where dS(s) is the element of area of the slowness surface. Using eqn (15), expressions (11) and (12)
result in

H(t) o sgn(s - VQ) .

0(#)0am

A, /el XXy

where P(s) = N“(s, 1) (adjoint matrix of N) and sgn is the signum function. The only s-space points
which contribute to the surface integrations in eqns (16) and (17) are those formed from the intersection
of the slowness surface and the plane 7 =x-s moving in the x-direction. This locus of intersection
points is here represented by the line I(x, f) (see Fig. 2). After some mathematical manipulations, one
obtains the final representation for the fundamental solution like

Usn(x, 1) H(Z)EJ M

= G 01 gy ats)v) TS Fna(s)(r = x-s) dS(s) -

(17)

H(t) 0
Unn(x, 1) = %5 L(  Mi(s) dits) as)
_HOD [ ME®a6) 00
Uan(x, 1) = 75 J,(X’ n o us) dl(s) Py e 19)
with
M (s) = 208 VQIPS)Fju o0

JXEIVQE - (x- V)

One advantageous characteristic of eqns (18) and (19) is that the delta distribution does not appear in
the fundamental solution. Moreover, when the vector VQ(s) (whose direction is normal to the slowness
surface) for s € I(x, t) is parallel to x, the fundamental solution presents a singularity (for details, see
Section 5). It is also important to observe that for double points, i.e., when two sheets of the slowness
surface meet (mathematically {Q(s) =0, VO(s) = 0}), the integrands in eqns (18) and (19) become
indeterminate. For double points present at the analysed transversely isotropic materials (the poles of
the two most external slowness sheets) a simple L’Hospital rule can be applied to remove the
indetermination M;;(s) =0/0.
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3. The Green’s tensor for the crystal class 6 mm

The previous results are now specialized for a special class of transversely isotropic piezoelectric
materials, namely the class 6 mm. This is an important piezo-material class, since it includes, e.g., poled
piezoceramics like BaTiO;, PZT-4, PZT-6B, and other piezocrystals like ZnO.

The adjoint matrix N“m, 4) and the operator Q = det N(n, 1), which compose the inverse matrix
N~!'(m, 2) = N%n, 1)/det N(n, 1) in eqn (11), can be written for the class 6 mm like

D+mG  mmG  —EJnn

N'=| mmG D+mG —EJnn; (21)
—EJn1n3 —EJn2n3 EK
with the operators G, J, K and O,
, 5 1
G(ny, ny, n3, ) = | (c13 + ca4) —5(011 +c12)es3
n 2(c13 + cas)(e1s + e31)e, — (ers + e31)2033n§ 2
e 3 22)
1 (e15 + €31 )2C44n% 1 (Cll + (312)62
- |:§(C11 + ci2)eas + Y (n7 +m3) — ETp
1 (e1s + 631)2”5] 2
- s Tes)m |,
+ |:2(6’11 + )+ p” P
e
J(n1, n, n3) = (c13 +C44)+(€15+€31):Z (23)
, 2 (eistean)nd | 5 2
K(ny, na, n3, 1) = caanz + | c11 + T (711 + nz) — pi (24)
1
Ony, ny,n3, A) = ED = —|:C44n§ + 5(611 —cn)(nf+n3) - p12:| |:C446‘33n§‘
2
+ {042‘4 +criezz — (13 + C44)2 }}’l%(l’l% + I’l%) + ca4C11 (l’l% + n%)
e1s+e 2 n? +n2 n3
e (cal ) + ey U E )
2, 2),2 >
e,\ny +n5)n e
—2(c13 + caa)(ers + 631)M + (caar3 + cn1 (n] + ”%))i
(e15 4 e31)* (2 +m3)nd 4 €2 i
—{(e3s + canyid + (enr + cas) (i} +n3) }pi% — (; 2 LpiZ + pit (25)

with e, = ejs(n? +n3) + e33n3 and e = &11(n} + n3) + &33n3. The operator O(n, 4) can be factored like in
the case of transversely isotropy Payton (1983) into a product of a second degree operator E and a
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fourth degree operator D(n, — V') = A,(n) — V?B,(m) + V* in V. Where V = p'/?) and A,(n), B,(n)
can easily be obtained from eqn (25).
Now, similar to Payton’s analysis (see Payton, 1983), it holds

1
sgn( —s- VD) = —44,R* + 2B,R* = 2A,,(A - R4) (26)
P

resulting sgn(—s-VD)=+1 on S; and sgn(—s-VD)=—1 on Sy, where s+ 3= R?sin’0,
53 = R?>cos? 0 and R(0) satisfying D(s, — 1) = 0. Hence, the elastodynamic tensor for the class 6 mm
may be written as

Uni(x, v, 2, 1) = _% % . sgn(s - vQ)|(éJésl) 56O 5, _x. ) 4S(s) o
Uiy, 2 1) = _217(1?% s, Slrégsl)l)é(t —x s dSr+ 217(112)% Js,, SIT3VJ]()S|II)5(Z —x-sp)dSy (29)
Uss(x, v, 2, 1) = %’2% L, |KV(;;?(S(Z —x-s1)dS; — 14_1[7(112)% JS” Ifésll)") 5(t — x - s) dSi. (30)

The above four components are sufficient to represent the tensor Uj; since the following sym-
metries Uy (x, y,z,0) = Un(x, y, 2, 1), Unn(X, y, z, t) = Upni(y, x, 2, 1), Un3(x, y, 2, 1) = Ui3(y, x, z, t)  and
Usy(x, y, z, t) = Uas(x, y, z, t) are valid for hexagonal materials.

4. Characteristic surfaces

Three characteristic surfaces are used to analyse the eclastic wave propagation in anisotropic solids.
Each surface in turn is composed of three distinct sheets.

The first surface is the velocity surface, which is traced out as the normal n in the vector v = An with
the amplitude of the phase velocity 4, takes all possible plane wave propagation directions. This surface
has generally one quasi-longitudinal sheet (¢L) and 2 quasi-transversal sheets (¢7'). Usually, the gL
sheet contains both ¢7T sheets as the ¢L waves are faster than the other two.

The second surface is the already defined slowness surface. The gL sheet, which now is the innermost
one, is always convex (Duff, 1960) when the piezoelectric coupling is absent.

On the other hand, when piezoelectricity exists, the innermost sheet ¢ may present concavities. This
fact was illustrated by Every and McCurdy (1987) and Every and Neiman (1992). Considering
piezoelectric solids and a quasi-electrostatic approximation, the slowness surface is now of degree 8
instead of 6 when piezoelectricity is absent. Rochelle salt (orthorhombic, crystal class 222) and
Ba,NaNbsO;5 (class mm 2) are two examples of piezoelectric materials with non-convex innermost
slowness surfaces.

As a result of a possible non-convexity of the innermost sheet of the slowness surface, the ¢L mode
can give rise to caustics (i.e., temporal singularities).

The last surface is known as the wave front surface. The latter contains a front of three sheets emitted
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by a point source at the origin and at time ¢ = 0. According to the wave construction method of
Huyghens (see Payton, 1983), the general form of the wave front surface at a subsequent time 7 is given
by the envelope of plane fronts which passed through the origin at # =0. The reader is referred to
Musgrave (1970) for a complete description of these surfaces.

The slowness surface furnishes a powerful projective relationship to the wave front surface, which
influences the form of the singularities of the fundamental solution. Therefore, some projective
correspondences between the slowness S and wave surfaces W will be presented. The case here
illustrated shows typical features found on transversely isotropic materials. For such materials, one of
the sheets corresponds to a pure transversely polarized mode, 7. This sheet, which is not affected by the
piezoelectric coupling, is convex, whereas the remaining ¢7 and ¢L sheets can be non-convex.
Furthermore, the characteristic surfaces are obtained by rotating the symmetry plane x;, x3 around the
symmetry axis xj.

The points at the slowness surface are classified as elliptic, parabolic or hyperbolic depending on the
principal curvatures / and n of the slowness surface (Payton, 1983). Points Q in S with a common
tangent plane P> (in [0, 0, 1]) map onto a conical point p*™ in W on the &; axis. Parabolic points O
correspond to cusp points p in W. Finally, points like Oy with common tangent plane P give rise to
double points p;; in W.

5. Singularities of the fundamental solution

An important contribution to the understanding of the propagation mechanism of elastic waves in an
anisotropic medium (and consequently the singularities of the fundamental solution) owes to Duff
(1960). He made use of the slowness and the wave surfaces to obtain a solution for the Cauchy
problem, considering the general theory of hyperbolic differential equations. In his work, Duff describes
the solution as a sum of a sharp wave, on each sheet of the wave surface, and a continuous wave in the
regions between the outer and innermost wave surface. The innermost region of the wave front surface
is a ‘lacuna’ (or gap) and there is no propagation of waves behind the last sheet of the wave surface,
confirming the Huyghens Principle (i.e., the clean cut wave propagation in one or three space
dimensions). So, the fundamental solution will always terminate with a sharp wave. The continuous
wave, on the other hand, can arrive before the first sharp wave when the outermost sheet of the wave
surface is non-convex.

Duff (1977) and Burridge (1967) have obtained asymptotic results of the Herglotz—Petrowski formula
valid near the wavefront for anisotropic elastic waves. Duff (1977) analysed the asymptotic behaviour of
the Herglotz—Petrowski formulas for higher order hyperbolic equations, revealing the straightforward
relation between the slowness and wave front surfaces. Using expressions similar to eqns (16) and (17),
Duff describes that, as ¢ increases, the plane 7 = x-s moves away from the origin and an instant ¢/, at
which it is tangent to a slowness sheet S;, is the moment at which the corresponding wave sheet W;
reaches the point x. As t— ¢/, the intersection of the variable plane with S shrinks to a point and
disappears. Thus, the singularity on a sheet W; (except for the case of a conical point in W;) is
contributed by a small patch of S; where n, the outward normal to the sheet S;, is parallel to x.

Following the ideas from Duff (1960), Burridge (1967) and later Khutoryansky and Sosa (1995b) have
separated the singular and regular (in time) parts of the fundamental solution:

U(x, 1) = U°(x, 1) + UR(x, 1), (31)

where the term UX is a continuous function bounded in time. So, the singularities or jumps in the
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solution are described exclusively by the first term in eqn (31) that represents the sharp waves on W or
the corresponding asymptotic Herglotz—Petrowski formulas on S.

The singularities on the wave front surface can have different forms depending on the classification of
the corresponding point (or points) on the slowness surface and whether the point lies on a symmetry
direction or not.

In view of the numerical examples, the presented singularities refer to a concentrated point force with
Heaviside step function dependence rather than a Dirac Delta one (which can be achieved simply
deriving the presented results with respect to time). A detailed description of the following singularities,
which may occur in the case of transversely isotropic materials, can be found in Payton (1983), Burridge
(1967) and Every and Kim (1994).

5.1. Elliptic points on the slowness surface

When both principal curvatures / and n are of the same sign, the slowness surface is elliptic meaning
that it is either convex or concave. Supposing that the vanishing cycle on S; corresponding to the space
vector x has coordinates sy, 55, s3 with origin at a point sy on the slowness sheet. Moreover, considering
the s3 axis parallel to x and letting the s; and s, axes be along lines of principal curvature at sy, the
equation for the area S; surrounding sy can be assumed as

53 = —ocs% - ﬁs% (32)

where o = [/2 and ff = n/2. The element of area is dS = ds; ds,. Then, on S,Xx-s = x-Sy + [X[s3 = X §)
— as? — Bs3. The singular part of eqn (16), for example, derives from an integral of the form

Uy (x, D)l ~ — JM(s)5<T+ [osi + Bs3]Ix]) dsi ds2 (33)

where T'=1¢—x-s; and M(s) = (sgn(s - VQ)P[/(S)FJM(S))/(M‘EZ|VQ|). The integration of the form present
in eqn (33) has been evaluated (Payton, 1983; Every and Kim, 1994) resulting in

M(SO )77.'

VaBIx|

where the argument in the Heaviside function is —7 for o, f > 0 and +7 for «, f < 0. The term K = 4af8
is known as the Gaussian curvature of the slowness surface and is invariant with respect to axes of
reference. As it can be seen, the discontinuity is a far-field effect decaying with the distance from the
source like |x|7!.

J
U;M(X’ l)|50 ~ =

H[FT] (34)

5.2. Hyperbolic points on the slowness surface

If one of the principal curvatures, e.g., / is negative and the other one is positive, the slowness surface
is saddle-shaped at sy and called hyperbolic. Following Payton (1983) or Every and Kim (1994) at that
point, near 7' = 0, the solution presents a logarithmic divergence like

Ul (%, Dy~ )77, (35)

eI
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5.3. Parabolic points on the slowness surface

Parabolic points on the slowness surface correspond to points where the Gaussian curvature is zero.
These points map onto cuspidal edges (folds) in the wave surface. As noted by Every and Kim (1994)
(see Fig. 1), on the inside of the fold there are two closely spaced wave fronts corresponding to points s,
and s, on either side of the parabolic line where the slowness surface is saddle-shaped and convex (or
concave). As the fold is approached, the Gaussian curvature at s, and s, tends to zero and the
magnitude of the discontinuity and logarithmic divergence increase as they progressively get closer in
time. At the cuspidal edge, these coalesce and give rise to a higher order singularity. Supposing n =10
and /> 0, the approximation for the slowness surface must be carried to cubic terms in s, so that
s3 = —(as? + 953) + - - -, with y positive. Following a similar procedure to that outlined in eqn (33), one
obtains the divergence

M(so)g(sgn(7))

al729173|x /6| 7)1 /6° (36)

Ul (%, D)y~ —
where g(+) = 2.429 and g(—) = 4.206. Eqn (36) represents a 1/|7]"/¢ divergence falling off with a 1/|x|*/®
dependence on the distance.

5.4. Conical point in the wave surface
As already seen in Fig. 1, the wave surface of transversely isotropic solids may have a conical point

along the principal symmetry axis. Then, the tangent plane ¢ = x - s touches the g7 slowness sheet along
a closed curve. The behaviour of the singularity at the conical point can be found in (Payton, 1983) as

53 P
Qco Qo p®
-— — P P
™ - Q
Q\/ Q I . p
Q
N J/ I
\| ‘l p
1 1
: . s
/ \ ! &1
Q \
./ \. j p
B ) plI
—- Elliptic Points S w

® Parabolic Points

- - Hyperbolic Points

Fig. 1. Slowness and wave curves of a transversely isotropic solid.
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U2 (x, O)ls, ~1//1TIXI, T<0 an
US (%, Dlg, ~1/Ix], T > 0. a5)

5.5. Lower order singularities

Lower order singularities of the fundamental solution for anisotropic solids were first observed by
Every and Kim (1994). These singularities take place when the forcing or sensing direction is
perpendicular to the polarization vector Aj(sy), then det|A;| = 0. The case of vanishing A; can be found
in symmetry planes of the considered medium and the case of transversely isotropic media is a good
example of how these singularities arise.

Considering sy located in the transverse symmetry plane xj, x3 with x, perpendicular to it, one has
U), = Uy, = U3, = US; = 0. Moreover, for the pure transverse mode, Ai(sp) = (0, 1, 0) resulting in
A11(s0) = Asz3(s0) = A13(s9) = As1(s9) = 0. Then, the U”, 33, U?3, U31 elastodynamic components of U
present a lower order singularity instead of a discontinuity. Remembering that

3
> AY(s0)A N (s0) =1L

N=1

the gL and ¢7 modes are now polarized in the symmetry plane meaning that for these modes it is
An(sp) that takes a zero value. The corresponding Aj(s) zero terms have to be expanded in powers of s
and s, (the local coordinate system located at sy) in order to analyse their lower order singularities.

On planes of symmetry, the weighting factor A;(s) can be assumed simply as Aj(s) = as3 (where a is a
constant). Then, e.g., using eqn (16), the elastodynamic components for elliptic points can be written as

Ul(x, 1)|s,~ — Fa Jsg(s(T+ [osT + Bs3]IxI) dsy dso. (39)
The above integral has the following evaluation:

U, 1)ls, ~ |T\H[F T] (40)

Fan
2\/ oc[)’3|x|2
with —T for o, f >0 and + 7T for o, f <0. At T=0, U" displays a kink and dU(;/dT a discontinuity
decreasing as 1/|x|*>. A procedure, similar to the one outhned here, can be applied for hyperbolic and
parabolic points. For hyperbolic points, the time derivative of U results a In|7| divergence whereas for
parabolic points a divergence like 1/|7]"/¢ appears.

6. Numerical location of I(x, 1)

Although the line integral representations in eqns (18) and (19) are formally simple, the line /(x, ¢) has
to be located numerically. Therefore, an efficient numerical method to locate /(x, ) plays a decisive role
in determining the fundamental tensor Uy (X, £). As it will be seen, a semi-analytical location of /(x, 7)
is possible for transversely isotropic solids (including the piezoelectric case).

For the aforementioned class of anisotropic solids, the secular equation can be solved resulting for the
symmetry plane x1, x3 (Dieulesaint and Royer, 1980) the three following slowness curves: S; for the gL
mode, Sy, corresponding to the ¢7 mode and finally S;;;, the not piezoelectrically active pure 7" mode.
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2 1/2

(41)
Iy +T33+ \/(rzz — I'33)2 44173,

Si+).a1-y =

Sur=+vp/Tu (42)

where Ty = coont + caam3,  Top = cnnd + caamd +93/e,  Toz = (c13 + ca)mns + (1a73)/6, Tsz = caan?
+e33nd + 73 /e, with y, = (e15 + e3))mns, 73 = eisn} + ex3n3, &= e n: + exnd, and n; = sin 0, n3 = cos 0.
Rotation of these curves about the x3-axis yields the three sheets of the slowness surface. Obviously, the
operators E and D, derived in Section 3, can also be used to obtain eqns (41) and (42) (see Payton,
1983).

The line /(x,¢) on a sheet S; is defined over directions for which ¢+ —s-x=0. The coordinates
s1, 52, 53 of a sheet can be written in terms of spherical coordinates as

s(0, ¢) = (S; sin 0 cos ¢, S; sin 0 sin ¢, S; cos 0) 43)

where S; is a function of § and the symmetry plane is defined by s1, s3 where ¢ = 0.
Using eqn (43), a solution in ¢ can be found for r —s-x = 0 like

¢, = 2 arctan (b/(2a)), ¢, = 2 arctan (c/(2a)) (44)

with terms @ = —Spx iy + Sixans — 1, b= —=2Spxom + 2Vd, ¢ =-2Spxom — 24/d, and d = SH(x3n}

l(a:, tg)
0.37

0.27

0.17

s3 O

0.17

021 S;

S
03l I

B3 02 01 o o1 o2 03

s2
10~*sec/m

Fig. 2. Slowness sheets for BaTiO;.
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+ x2n? — x3n3) + 2S;x3n3t — 2. Solutions in eqn (44) depend on the variable 0. The limits of the line
l(x, t) in terms of 0 can be found assuming that ¢, = ¢,, which in turn means that d = 0. The limit
values 0, and 0, (roots of the equation d = 0) have to be evaluated numerically, e.g., using a one-
dimensional root finding algorithm.

Nevertheless, the g7 sheet in the analysed examples can be non-convex, which implies that for a
certain time ¢ the line /(x, ) may be composed of more than a single closed curve. Payton (1983)
developed an extensive work classifying transversely isotropic materials according to the shape of the Sy,
curve in the symmetry plane sl, s3. In view of his five possible classes (which may be applied to the
following piezoelectric examples), a straight line intercepts the curve S;; at most four times so there are
maximum two closed curves that compose /(x, f). For this case, d =0 presents four different roots
(0) <0, <05 <0,) and,

Ix, 0:[ 1. 201 <O<02) | J[h1. 62](03 <0< 04). (45)

On the other hand, considering the operator D of degree 6 in s, a straight line might intercept, e.g.,
the sheet Sy; up to six times, rendering then three closed curves for /(x, f).

7. Numerical examples

Making use of the integrated fundamental solution, some results are here presented for transversely
isotropic materials including the piezoelectric coupling.
By integrating the fundamental solution with respect to time, one obtains for eqn (18), e.g.,

() H()

Uni(x.1) = 5 L(x | Mi() dl) = jh M3 (s) dits) (46)

where the second term in eqn (46) states for the static solution of the problem. For ¢ =0, the plane
x-s =0 is perpendicular to |x| defining the line /;(x, = 0). The static part of eqn (46) can be also
represented using the unit sphere where now /; is the intersection of the sphere with x-n=20
(corresponding to the results of Chen, 1993). More recently, explicit results for the static transversely
isotropic case were obtained by Ding et al. (1996), Akamatsu and Tanuma (1997) and Dunn and
Wienecke (1996). After the plane containing /(x, f) crosses the last slowness sheet, the first term in eqn
(46) vanishes and the displacements remain constant due to the static term. The calculated static values
of the numerical examples were checked with the explicit solution from Ding et al. (1996).

Another important feature of the present examples is the causality effect, i.e., U;(x, f) = 0 for a time
‘t’ preceeding the wave front arrival at x.

For the following numerical examples, the 7" mode is polarized in the [010] direction, while gL and ¢T
are polarized in the symmetry plane.

7.1. BaTiO;

The first example is the piezoceramic BaTiOs, which belongs to the class of transversely isotropic
materials and whose sheets (S, Sy, S;7) are convex (see Fig. 2). Fig. 3 shows components of the
fundamental tensor U;(x, #) when a point force is applied at (0, 0, 0) and the observer is located at the
symmetry axis (0, 0, 1). The latter is an acoustic axis, i.e., an axis along which a T wave may propagate
with any polarization. The line /(x, ¢) reaches S; at ; ~1.8 x 10~ s and Sy, Sy;; at tr~3.6 x 10~*s. For
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Fig. 3. U and Us; for BaTiOs, x = (0, 0, 1).

Uss in Fig. 3, there is a discontinuity at #(A = 1) corresponding to a pure longitudinal mode polarized
at [0, 0, 1] and a kink at #,. For U;; = Uy, there is a kink (A = 0) at ¢; and a discontinuity at #,.

For Fig. 4, the observation point is now located at (1, 0, 0). I(x,t) reaches S;, Sy and Sy at
11x20x107%s, 1,bx23.25x 107*s, and #3x3.65 x 10™*s, respectively. The pure transverse mode does
not contribute to the components Usz, Usy, Ujs, Uz and Us; (e.g., Us; in Fig. 4 maintains its value after
t7). This becomes evident when specializing the Green’s tensor for hexagonal crystals (see eqns (29) and

(30)).

2.0 T T T
- Un
15H @ U, (Khutor. & Sosa 1995b) —
"""" Us
* U, (Khutor. & Sosa 1995ty [ »~A = ===—=—— -
1.0H e S e -
—~ - Uy
°
*, 05 -
=
§ 00 —
DE N"'\m‘\*\
ol g -
—0.5+ R -
“.\ ~.J
*
-1.0~ 5 —
15 | 1 I 1 1 { L | |
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
*107 sec

Fig. 4. Uy, Uy and Us;z for BaTiOs, x = (1, 0, 0).
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x3 27

Fig. 5. Cross-section of the wave surface of zinc by the symmetry plane (x, x3).

7.2. Zinc

x1

103m/s

1653

The second example is the hexagonal crystal zinc. The formulas here presented can be used to elastic
problems by simply neglecting the piezoelectric coupling. Fig. 5 shows the (010) section of the wave
surface of zinc and the propagation direction a. The ¢T slowness sheet is non-convex meaning that its
wave sheet is folded. Figs. 6 and 7 show the components U;; and Uy, in the direction a. For Uy, there
is a small discontinuity at 1 (Ax0), a large discontinuity at 2 (Ax1), a kink at 3 (A = 0), a logarithmic

100

50—

— U,

WAIRN

-100—

U, (107

T

-150

—2001—

—250

4
| | L

3.0

35

4.0

4.5 5.0 55
*107 sec

Fig. 6. Uy, for zinc in direction a, x=(0.002, 0, 0.01).

6.0
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Fig. 7. Uy, for zinc in direction a, x=(0.002, 0, 0.01).

divergence at 4 and a discontinuity at 5. The results presented in Fig. 7 are compared to the 2D
integration over the unit sphere performed by Every and Kim (1994). For a 10~ time discretization the
computational time for this example is about 20 s on a Power PC.

7.3. Zinc oxide

The third example is the hexagonal piezocrystal zinc oxide, which has a non-convex ¢7 slowness sheet
like zinc. Fig. 8 shows the (010) section of the wave surface for the material. The analysed direction b,
x = (0.67483, 0, 0.73797), includes the cusp point 2. The time values for the points 1, 2, 3, and 4 are
1~1.68 x 107%s, 1,~3.06 x 107*s, 13~3.21 x 107*s, and 14,~3.62 x 10~* s, respectively. Fig. 9 shows
the response functions Uj; and Us;z for direction b along the symmetry axis. For Uy and Uss, there is a
discontinuity at 1 and 3. At the cusp point 2, Usz shows a weak negative divergence (A <« 1) and U a
large negative divergence (A~ 1). At point 4, U;; shows a kink (A = 0) whereas Us; has no singular
behaviour for the pure transverse mode. A similar analysis can be used for the response functions
presented in Fig. 10. The crosses in Figs. 9 and 10 and points represent hereafter the calculated
analytical values of the discontinuities in the fundamental solution.

8. Numerical aspects of the implementation

In this section, some aspects of the present numerical implementation are explained in detail. The first
step is the exact location of the time discontinuities, which lay on the wave surface. Using the duality of
W and S, every point s of S whose normal is parallel to the position vector x corresponds to a point on
W. Hence, the time discontinuities are obtained by 7* =s-x. For a given vector x with its polar
coordinate 0., the polar coordinates 8y of the points on an hexagonal sheet S;, which correspond to W},
are
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Fig. 8. Cross-section of the wave surface of zinc oxide by a meridian plane.
Sj cos 0 + (3S;/20) sin 0
) ) 2
S+ (95;/90)

Ow = Zeros of ) cos 0, —

(47)
0<0<n

With the knowledge of the set of wave fronts r*’s for a certain x, one can restrict the numerical

evaluation of the Green’s tensor between the first and last wave fronts, but, of course, only when
assuming the innermost sheet of S to be convex.

20 T I I T T T T T
U11 3 4
———————— U, oo
1.0~ U, (analytic) : —
x Uy, (analytic)
~ e — \\, """
5 O]
[
=
£-10F -
2.0+ _
2
30 | ! | L L ! | ! | | L
1.6 1.8 2.0 2.2 24 2.6 2.8 3.0 3.2 34 3.6 3.8 4.0

*10™ sec

Fig. 9. U}, and Us; for zinc oxide in direction b, x=(0.67483, 0, 0.73797).
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Fig. 10. U3 and U»; for zinc oxide in direction b, x=(0.67483, 0, 0.73797).

Another point to be examined is the numerical integration of /(x, #). In the present implementation,
the semi-analytical location (see eqn (45)) was used, where the kernel M was integrated on /(x, ) using
quadratic elements, hence, using three nodal values for each clement. In order to achieve a good
accuracy, ten Gauss points were used in the numerical integration. Fig. 11 shows a plane section on the
Syr sheet of PZT-6B, where I(x, t) is discretized using four quadratic elements.

0.4+

0.27

3 07

-0.27

-0.471

04 0.2 0 02 04

10~*sec/m

Fig. 11. Slowness sheets for PZT-6B with a plane section on Sy;.
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Fig. 12. Uy for PZT-6B, x = (1, 0, 0).

Fig. 12 shows the convergence of Uj(1, 0,0, ¢t) for PZT-6B versus the number of quadratic elements
used in the numerical integration. One can observe that the kernel M7} demands a fine discretization to
converge to the analytical static results from Ding et al. (1996).

9. Conclusions

The formulation from Khutoryansky and Sosa (1995a, b) was implemented in the present work
rendering good numerical results for the analysed examples. The operator Q for the class 6 mm was
factored into a product of a second and a fourth degree operators, enabling a generalization of Payton’s
earlier results on the Herglotz—Petrowski formulas for hexagonal materials (Payton, 1983). The
presented numerical examples confirm the existence of singularities of various orders that travel on the
wave front outward from the point of excitation.
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